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Investigation of Effects of Viscoelastic Boundary Supports on
Transient Sound Radiated from a Rectangular Plate
by Modal Strain Energy Method

Zi-Jie Fan* and Kwang-Joon Kim*
(Received December 17, 1996)

This work considers analysis of transient sound radiation from an impact-excited rectangular
plate with viscoelastic boundary supports based on the Modal Strain Energy (MSE) method.
Vibration of the plate is approximated by double infinite series in the spatial coordinates. Each
term of the series is constructed with vibration modes of beams having the same boundary
conditions as the considered plate, multiplied by a time dependent function. Modal loss factor
of each mode is obtained by the MSE method. The sound pressure for impact excitations is
obtained in the time and frequency domain by numerical integration of the Rayleigh integral.
Then effects of width of the viscoelastic boundary supports on the vibration response and the
radiated sound pressure are investigated. It is shown that there is an optimum width of the

support.
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1. Introduction

Viscoelastic surface damping treatments have
been used for many years to reduce vibration and
noise of structures especially for beam and plate~-
like structures. Such surface damping treatments
have been shown to be effective in vibration and
noise control. In many cases, however, it is not
always possible to implement them in real situa-
tions. In such cases damping treatment at the
boundary supports can be an alternative solution
(MacBain, 1975 and Harris, 1988).

Recently, Kang and Kim (1996a) proposed a
systematic method to estimate modal properties of
beams and plates with viscoelastic boundary sup-
ports. For beam vibrations, the viscoelastic sup-
port regions are described analytically in terms of
frequency-dependent complex stiffness and, then,
characteristic equations of the beam structure
supported at its ends by springs with such com-
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plex stiffness are derived. Natural frequencies and
modal loss factors of the assembled beam system
are obtained by solving transcendental character-
istic equations numerically. Similar approach can
be applied to plates with viscoelastic boundary
supports.

A number of studies have been made on acous-
tic radiation from impact-excited plates. Stras-
berg (1948) calculated acoustic power radiated
from a periodically struck diaphragm with fixed
boundary support in the frequency domain. For-
mulation of the radiation problem was based on
the results of Lax (1944), who investigated radia-
tion loading on a circular clamped plate using the
Rayleigh integral equation. Several other studies
on the acoustic radiation from impacted plates
have led to empirical relationships between acous-
tic pressures and plate vibration
Nagayama et al.(1981) reported on transient
sound radiated from a clamped circular plate

responses.

excited by an impulsive plane wave. Akay et al.
(1983) investigated sound radiation from an
impacted clamped circular plate in an infinite
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baffle. Teon et al.(1987) evaluated transient
sound radiation from a clamped circular plate
with viscoelastic layers.

Kang (1996) showed that there exists an opti-
mum width of the viscoelastic boundary supports
to obtain maximum modal damping for a few
lowest modes. In this paper, transient sound radi-
ation from rectangular baffled plates with vis-
coelastic boundary support at each edge subject to
an impact load is examined to observe whether
there exists an optimum support width. Vibration
of the plate is approximated by double infinite
series in the spatial coordinates. Each term of the
series consists of a product of two vibration
modes of beams, having the same boundary con-
ditions as the considered plate, multiplied by a
time dependent function. Modal loss factor of
each mode is obtained by the MSE method.
Sound pressure radiated from the plate is
obtained in the time and frequency domain by
numerical integration of the Rayleigh integral.

2. Analysis

2.1 Equivalent system for a rectangular
plate with viscoelastic boundary sup-
ports

Figure 1(a) shows a rectangular plate of length

a width b and thickness j with uniform vis-
coelastic boundary supports along the four edges.
Each viscoelastic support has thickness [ and
width [, of which the material property related
with deformation is given by complex modulus

YV 4

»

(a) Dimension of viscoelastic supports

Fig. 1

E*=FE (1+jp) where 5 is called loss factor of the
material.

According to Kang and Kim's work (1996a,
b), an equivalent system for the rectangular plate
with viscoelastic boundary supports can be
obtained by using stiffness parameters at the
boundaries as in Fig. 1(b). Stiffness
parameters K, and K, are frequency dependent
complex quantities as the moduli of the viscoelas-
tic support are inherently frequency dependent

shown

and complex.

2.2 Equation of motion of the plate and
associated boundary conditions
The equation of motion of a thin, elastic,
homogeneous, and isotropic plate subjected to an
excitation force can be written as

DV w x, v, t) + phd®w (x, v, t) /0t

=q(x, v, 1) 1)
where
D=ER/12(1—1%: flexural rigidity of the
plate

Vi=0'/ox*+ 3"/ 0x®0y®+ 0/ dy*: Bi-Laplacian
E: Young’s modulus

w: transverse deflection

y: Poisson’s ratio

©: mass per unit area

g: excitation force per unit area.

If the plate is subjected to an impact force F (¢)
concentrated at a point (x,, y,), the excitation
force ¢(x,v,t) can be expressed as a spatial
Dirac delta function as follows :

Y oa
b
a X
KI? Kzz
& D

X,

(b) Modeling of viscoelastic supports

A rectangular plate with viscoelastic boundary supports and its equivalent system
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=F(1)8{x—x)0(y—2r0) (2)

Two boundary conditions must be prescribed

g, v, 1)

on each of the four edges of the rectangular plate ;
x=0, x=a, y=0, y=p (see Fig. 1 (b)). The
boundary conditions along line x =0 are given by

Vi=D(FPw/ox*+ 2—v) PFw/0x0y?) =0

=— K (w) x=0 (3a)
M= D (*w/ox%+ vd*w/ 0y?) xeo
:Kzz(aW/ax) x=0 (Sb)

where 1/, and A, are the shear force and the
bending moment per unit length along the vertical
edge respectively. The boundary conditions for
the remaining viscoelastic supports can be de-
scribed in a similar manner.

Zero initial conditions are assumed before an
impact is provided, i. e.,

w ‘ t=0=0 and 8w/6t | t=0=0 (4)

2.3 Solution method
Leissa(1969) suggested that an approximate
solution to Eq. (1) can be expressed by

w3, )= 33 Won (6, 9) gun (D) (5)

where g, (#) is a time-dependent function and
Wan(x,y) a mode shape function of the un-
damped rectangular plate system given by W,
(x,9) =Xn(x) Ya(y). Xn(x) and Y,(y) and
can be taken from the mode shape functions in the
x and y directions, respectively of the associated
undamped beams with the same boundary condi-
tions as the considered plate :

Xn(x)=Ansin 3m%+ B cOS ,@'m%

+ Cusinh B+ D cosh B (62)
Y, (y)=A,sin Bn%‘+‘ B cos Bn%

+ Cusinh By + Da cosh By (6b)

Substituting Eqgs. (2), (5), and (6) into Eq. (1)
leads to

35 2 X Vol Dgn( (B2) '+ (B2)) + ohiinn]

m=1n=1

where the prime and dot denote differentiation

with respect to the spatial and time coordinates
respectively. Multiplying both sides of Eq. (7) by
the mode function X, (x) Y.(y) and integrating
over the plate makes the equation decoupled due
to the orthogonality of X,(x) and Y,(y) as
follows :

MounZmn+ Knn&mn= Xm (x0) Ya(vo) F (1)
(m, n=1,2,3, ) (8)
where
= oh / ‘ f * X3 V2dxdy 9)
=n [ [ () + (5 )xavs
X Ya X ,;’}dm'y (10)

Defining undamped natural frequency @, by

w:<-ﬁf%) (11)

Eq. (8) can be rewritten as

gmn‘i_wgnngmn an Xm (XO) Yn (yO)F(t)

(m, n=1,2,3,-) 12)

In the MSE method, it is assumed that vibra-
tions of a damped structure can be represented by
inserting modal damping terms into the above
uncoupled equation as follows:

Zmnt ﬁmnwmngmn+w%nngmn
(x0) Yu(30) F (1)
(m,n=1,2,3,) (13)

where 7,,. loss factor of the msn-th mode, is
defined by

I/}edge
vmn=<mv—gig7>mﬂ (14)
In Eq. (14), V*%* ig the modal strain energy of

the plate, and V§%¢ and V¢ respectively denote
the modal strain energy at the boundary support
due to real and imaginary parts of the complex
stiffness at the edge and they have the following
forms as given by Kang (1996) :

B

3* Wan 8 O Wan
+2v—A 5 W P

( Vplate)
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20

(Ve =B { Mz, (2,0

) }dxdy (15-2)

+ Wea(x, b) dx+/ W2, (0, )

+ Wanta, y)]dv}
L Re Kzz {/ [( W (x, 0))

o oy
+<8Wmlz_(_& b) ) }dx

+f Kaw mn (0, y)>

o Marie ) gy

(Vo) m= 0L (i, (2,0

(15-b)

b
+ W, D)1t [ TR0, )

+ Win(a, y)]a’y}
el (4 SWistn0) )

o oy

(e

)

)

From Eq. (4), Eq. (5), and orthogonality of the
undamped modes, initial conditions for g,,(f)

(15-¢)

are given by :
gnn(0) =0 and g, (0) =0 (16)
Solving Eq. (13) together with Eq. (15) using

the Duhamel integral, g,,(¢#) can be obtained as

Xm(x()) Yy yO)
Moz @ mn /F b)

expl = Enn@mn (t —) ) 8IN [ @ mn (£ —

gmn(f
s)lds (1D

where the damping ratio &, and damped natural
frequency @ .. are defined respectively by

2 W mn =+ 1‘Ez;'wmn (18)

Substituting Eq. (17) into Eq. (5) yields dis-
placement and acceleration responses of the plate

Emn= Jmn

as follows :

X (xO) Y (yo)

an(l)mn Xm(X) }fn(y) )

wix,y, t)—Zle

'/O‘tF(S)eXP[_Emn(Umn(t_S)]'
Sin [ @ma (£ =) 1ds (19-a)

wix, y, )= 72]21 M/AXQ-Xm (x} Valy)-

Mon
{F(”+/tPN(S)eXD(’"'EmnCUmn(t‘S))
QSmn —
mn (D mn(t—$))
[ﬂ;w Sin{ @ e (

"?émn(l}mn COS(C!)mn( )):|d5} (19“b)

Linear spectra of the acceleration in the fre-
quency domain is given by

i i “_)_(m (x())_ﬁg (yo) .

— Wi, v, jo)=—

=ln=1 an(l)%m
W°F (jw)
Xn () Yo (y) T1= () @mn) -|—]77,,m((1)/wmn)]
(20)

where W (x, v, jw) and F (jw) are the Fourier
transform of the w(x, v, #) and F ({), respective-
ly.

2.4 Acoustic radiation

Pressure of the sound radiated from a vibrating
plate in an infinite baffle can be obtained by
evaluating the surface
(Rayleigh, 1945),

plate are regarded as simple point sources of

Rayleigh integral

in which areal elements of the

outgoing waves and the sound pressure level at a
point (4, ¥, §) in space as shown in Fig. 2 is
given by

p(d, ¥, 0,0)=F //u{x I {2 y)}

R(x ) ~dxdy (21)

where g, and ¢ are mass density and wave veloc-

"z (d,y.6)

a

Fig. 2 Coordinate system for sound pressure
estimation
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ity of the acoustic medium respectively, 7 (x, v,
t) the acceleration-time history of the plate vibra-
tion, and R {x,
to a point (x, y) on the plate surface.

Linear frequency spectra of the sound pressure

y) the distance from the receiver

is given by
P, ¥, 0,jw)=— mzmzlw.
.£ A d dxdy
@*F (jo)

[1— (@/ @mn) >+ 1775 (@] @) ] (22)

3. Results and Discussion

Vibration response and consequent sound radi-
ation of a thin square plate subject to an impact
at the plate center is computed numerically in the
time and frequency domain for several widths of
the viscoelastic boundary supports along the four
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Fig. 3 Acceleration response in time domain of the
plate at the impact point for three different
widths of the viscoelastic boundary support
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Fig. 4 Sound pressure level in time domain at a

point on the z-axis(z=0.4 m) for three
different widths of the viscoelastic boundary
support

edges. Geometry and material parameters of the
plate are: ¢q=200 mm, ;=1.6 mm, £=210,000
MPa, 7=0.01, v=0.3, p=7,850 Kg/m® Thick-
ness and width of the viscoelastic boundary sup-
ports are : H—=0.254 mm and [ =4, §, 16, and 32
mm, and the material properties are quoted from
Kang (1996), which are modeled as springs with
complex stiffness as in Kang(1996). Shape of the
pulse used for the impact is a rectangle with
duration of 7,=0.1 ms and magnitude of F=
700N.

Time domain acceleration response at center of
the plate and sound pressure at a point on the z-
axis (), 4m apart from the plate are shown in Figs.
3 and 4 respectively. Figures 5 and 6 show the
results in frequency domain. Figure 7 shows
variation of the peak sound pressure level with
the viscoelastic support width for various vibra-
tion modes. It can be seen from these results that
there exists an optimum support width around 8
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Fig. 5 Acceleration spectra of the plate at the impact
point for three different widths of the vis-
coelastic boundary support
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Fig. 6 Sound pressure level in frequency domain at
g P q y

a point on the z-axis(z=(.4 m) for three
different widths of the viscoelastic boundary
support



Investigation of Effects of Viscoelastic Boundary Supports on--- 535

—_ \
@ & \ F 1.3)
i) —
1.3
g ef \
] \ — 1.8)
[T S A ol 3.8
N S
. \
s | \ (5.9
as L - L
o 5 1% 1% 20 28 30 s 40

SUPPORT WIDTH [mm)

Fig. 7 Variation of the peak sound pressure level
with width of support
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Fig. 8 Comparison of sound pressure response in
time domain at a point between viscoelastic
and clamped boundary supports
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Fig. 9 Comparison of sound pressure response in
frequency domain at a point z=0.4 mm
between ciscoelastic and clamped boundary
supports

mm at which the sound radiation is minimized.
Figure 8 compares the sound pressure from plates
with viscoelastic boundary supports (width L=3§
mm) with the one under fixed boundary condi-
tion in time domain. Figure 9 shows the corre-

sponding sound pressure levels in frequency
domain, where it can be seen that roughly 20 dB
can be lowered by an appropriate width of vis-
coelastic boundary support.

4. Conclusion

Effects of viscoelastic boundary support widths
on the vibration as well as radiation of sound has
been analyzed in the time and frequency domain
for a square plate subject to an impact loading.
Damped have been obtained by
introducing modal damping defined by the modal

responses

strain energy method. It is shown that viscoelastic
treatment at the boundary support is a very
practical tool for reduction of the vibration and
sound radiation, and that width of the viscoelastic
support must be adjusted to maximize the effec-
tiveness of the treatment.

References

Harris, C. M., 1988, Shock and
Handbook, McGraw-Hill, New York.

Kang, K. H., 1996, Vibration Analysis of Beam
and Plate Structures with Viscoelastic Boundary
Supports, Ph. D. Thesis, Department of Mechani-
cal Engineering, KAIST, KOREA.

Kang, K. H. and Kim, K. J., 1996a, Modal
Properties of Beams and Plates on Resilient Sup-

Vibration

ports with Rotational and Translational Complex
Stiffness, Journal of Sound and Vibration, Vol.
192, pp. 207~ 220.

Kang, K. H. and Kim, K. J., 1996b, Vibration
Analysis of Beam and Plate with Viscoelastic
Boundary Supports, Asia-Pacific Vibration Con-
ference-96, pp. 89 ~96.

MacBain, J. C. and Genin, J., 1975, “Energy
Dissipation of a Vibrating Timoshenko Beam
Considering Support and Material Damping,”
International Journal of Mechanical Science
Vol. i7, pp. 255~26S.

Lax, M., 1944, “The Effect of Radiation on the
Vibration of a Circular Diaphragm,” J. Acoust.
Soc. Am. Vol. 16, pp. 5~13.

Nakayama, l. and Nakamura, A., 1981, “Mech-
anism of Transient Sound Radiation from a



536 Zi-Jie Fan and Kwang-Joon Kim

Circular Plate for Impulsive Sound Wave,” J.
Aoust. Soc. Jpn. (E)2, pp. 151 ~156.

Akay, A. and Latcha, M., 1983, “Sound Radia-
tion from an Impact - Excited Clamped Circular
Plate in an Infinite Baffle,” J. Acoust. Soc. Am.
Vol. 74, pp. 640~ 648.

Leissa, A. W, 1969, Vibration of Plates, Nasa
SP-160.

Rayleigh, L., 1945, Theory of Sound, Dover,

New York.

Strasberg, M., 1948, “Radiation from a Dia-
phragm Struck Periodically by a Light Mass,” J.
Acoust. Soc. Am. Vol. 20, pp. 683~690.

Jeon, J. J. and Lee, B. H., 1987, “Transient
Sound Radiation from a Clamped Circular Plate
with Viscoelastic Layers,” J. Acoust. Soc. Am.
Vol. 78, pp. 1203 ~1208.



